We study the dynamics of two qubits interacting with a single mode of a harmonic oscillator beyond the rotating wave approximation in the ideally degenerate regime. Exact analytic expressions are obtained for state properties of interest, including qubit entanglement for a certain class of initial states of the oscillator and the qubits. Qualitative differences and similarities in the evolution of the qubits in the degenerate regime when the oscillator is treated quantum mechanically and classically are discussed.
I. INTRODUCTION
Two level systems that interact with a harmonic oscillator can model many physical phenomena, such as atoms interacting with an electromagnetic field [1, 2] , electrons coupled to a phonon mode of a crystal lattice [3] , or super-conducting qubits interacting with a nanomechanical resonator [4, 5] , a transmission line resonator [6, 7] , or an LC circuit [8, 9] . In the area of quantum optics, the model describing the interaction of a single qubit with a harmonic oscillator, called the Jaynes-Cummings model (JCM) [1] is extensively studied in the literature [10] . A generalization of the JCM to include many qubits not interacting with each other, but interacting with a single mode of a quantized harmonic oscillator, called the Tavis-Cummings model (TCM) [11, 12] , is also of great interest as it provides a framework to study collective properties of the qubits.
In physical situations where the qubits are nearly resonant with the oscillator and the coupling between the qubits and the oscillator is weak, it is a good approximation to drop certain terms, called the counter-rotating terms, from the Hamiltonian describing the evolution of the qubits and the oscillator. Under this approximation, called the rotating wave approximation (RWA), the dynamics of the system can be solved analytically [1] .
In optical setups, the near resonance and the weak coupling conditions are usually satisfied under appropriate conditions, justifying the use of the RWA to describe the dynamics of the system [2] . With the recent advancements in the area of circuit QED, it is now possible to engineer systems for which the near resonance and/or the weak coupling conditions are not satisfied [13] [14] [15] . To understand the dynamics under such conditions, it is necessary to study the evolution of the system beyond the RWA. Analytical approximations and numerical methods have been used to understand both qualitative and quantitative features of the dynamics beyond the RWA for the * shantanu@pas.rochester.edu Jaynes-Cummings [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] and the Tavis-Cummings [30] [31] [32] [33] model.
In this report, we study quantum collective dynamics, in particular the entanglement properties of the two qubits TCM, beyond the RWA, in the regime when both the qubits are far from resonance with the oscillator. We extend recent treatments [34] [35] [36] [37] of the role of the counter-rotating terms in the dynamics of entanglement between the qubits.
In particular, we examine the idealized case of zerogap qubits, focusing on the entanglement dynamics of the four Bell states with the oscillator initially in either a thermal state, a coherent state or a number state. A study of the dynamics of a degenerate qubit interacting with a classical field, and a discussion of a physical system which can be treated as a degenerate qubit, has been given by Shakov and McGuire [38] .
We find the eigenvalues and eigenfunctions of the Hamiltonian of a two-qubit TCM in the degenerate regime in section II. In section III, using the GlauberSudarshan P representation [39, 40] to describe the initial state of the oscillator, we find the evolution of any initial product state of the qubits and the oscillator. The entanglement properties between the qubits for a certain class of initial states are studied in section IV. In section V, it is shown that the dynamics of the qubits is qualitatively different for the quantum mechanical and the classical descriptions of the oscillator and we conclude in section VI.
II. THE MODEL
The Hamiltonian describing the dynamics of two qubits interacting with a single harmonic oscillator is given by [11] :
x ).
(1) The two qubits are assumed to be similar but fundamentally distinguishable. The transition frequency of each qubit (assumed to be the same for simplicity) is ω 0 and the oscillator frequency is ω. The coupling constant between oscillator and both the qubits (again assumed to be the same for mathematical convenience) is λ. The raising and lowering operators for the harmonic oscillator are conventional. The qubit operatorsσ
x are the usual Pauli matrices in the Hilbert space of the i th qubit. The interaction part of the Hamiltonian that couples the qubits to the oscillator isĤ I = λ(â +â † )(σ
x ). While discussing the RWA, it is suggestive to write the interaction Hamiltonian as:
+ +σ
If λ ≪ ω, ω 0 and ω 0 ≈ ω, one can neglect the counter rotating terms:â †σ (i) + andâσ
− . This is called the rotating wave approximation [1, 2] . The condition ω 0 ≈ ω, when the RWA is valid is shown in Fig. 1(a) . The zero-gap degenerate regime that we are interested in takes ω 0 = 0, an idealization of the case when ω 0 ≪ ω and ω 0 ≪ λ. The condition ω 0 ≪ ω is shown in Fig. 1(b) .
When ω 0 = 0, the non-RWA Hamiltonian takes the formĤ
In order to study the dynamics of the system in the degenerate regime, we first find the eigenstates, |Φ , and eigenvalues, E, ofĤ 0 :
Eigenstates |Φ will be of the form |j, m |φ m where |j, m are the eigenstates of (σ
x +σ (2) x ) and |φ m are the oscillator eigenstates found fromĤ 0 by replacing (σ (1) x +σ (2) x ) by the eigenvalue corresponding to |j, m [24] .
The four eigenstates of (σ
x +σ (2) x ) are:
with eigenvalues 2m. In terms of the simultaneous eigenstates ofσ (1) x andσ (2) x ,σ (i)
x |± = ±|± , the states |j, m can be written as:
Having found |j, m , let us now find |φ m that satisfy the eigenvalue equation:
We denote λ/ω by β and mλ/ω by β m . Taking β m to be real, and completing the square in equation (7), we get:
Using the displacement operator,D(x) = exp[x(â † −â)] (for real x), we can write the expression on the left hand of (8) as: (8) and (9) that
Here |N is the number state of the undisplaced oscillator, i.e.â †â |N = N |N . Corresponding to the state |N m , the energy, E, in equation (7) takes value:
In the discussion of two level systems interacting with a harmonic oscillator beyond the RWA, the use of a displaced harmonic oscillator basis was first used by Crisp [20] . The displaced oscillator states have the properties:
The non-orthogonality condition, N m |M m ′ = 0, plays an important role when one discusses the spectrum of the system for ω 0 = 0.
III. EVOLUTION OF ANY INITIAL PRODUCT STATE OF OSCILLATOR AND QUBITS
Let the initial state of the system be given by the density matrixρ(0) =Q ⊗F , whereQ is the joint density matrix of both the qubits andF is the density matrix of the oscillator. WritingQ in the basis |j, m , and the oscillator density matrix in the diagonal coherent state basis (Glauber-Sudarshan P representation),ρ(0) takes the form:
From Appendix A, we get
where
Using equation (15),ρ(t) takes the form:
The dynamics of the qubits can be followed by tracing the oscillator degrees of freedom from equation (17) to get the reduced density matrix for the qubits:
Using the relation of scalar product between two coherent states,
The reduced density matrix for the qubits, equation (19) , will be used in the next section for studying the dynamics of entanglement between the two non-interacting qubits.
It must be noted that for some oscillator states, the function P (α) diverges, e.g. squeezed state. In such cases, the integral in equation (19) can be ill-defined.
To deal with such states, instead of using the P (α) representation, one might find it convenient to writeF as:
and then follow the evolution of the composite system.
IV. DYNAMICS OF ENTANGLEMENT BETWEEN THE QUBITS
Using a Hamiltonian similar to (3), it was shown in [41] that two non-interacting, initially unentangled qubits can get entangled due to their interaction with a common bath (harmonic oscillator) initially in the ground state. In this section, we study the dynamics of entanglement between the two qubits for various different initial states of the oscillator and the qubits. For all the initial states that we study, the qubits and the oscillator are chosen to be initially separable, and are taken to be of the form of equation (13). Of all the possible initial states of the form (13), we choose to analyze the states for which the qubits are initially maximally entangled and are in one of the four possible Bell states: (6), we know that for any initial state of the oscillator, the states |Ψ − and |Φ − are eigenstates of H 0 . So, the reduced density matrices for the qubits will not change if they start in the state |Ψ − or |Φ − and the qubits will remain maximally entangled no matter what the initial state of the oscillator is.
The local unitary operator, σ
with the Hamiltonian and connects the states |Ψ + and |Φ + :
Since any measure of entanglement calculated for two different states that are connected by a local unitary transformation has the same value [42] , the entanglement dynamics between the qubits for the initial state |Ψ + will be the same as entanglement dynamics between the qubits for the initial state |Φ + . One should note that this result is valid for any initial state of the field. Because of this, we explicitly study only the states for which the initial state of the qubits is |Ψ + .
When the qubits start in the state |Ψ + , it turns out that the expression for concurrence [43] , a measure that quantifies entanglement between two qubits, has an analytic general form that is valid for all the initial states of the oscillator. We first derive that general expression and then study explicitly the cases for which the initial state of the oscillator is either a thermal state, a coherent state or a number state.
For the state |Ψ + , the initial density matrix for the qubits,Q, takes the form:
where the rows and columns are defined in the basis: |1, 1 , |1, 0 , |0, 0 and |1, −1 . We denote the initial state of the oscillator byF , which is characterized by the Glauber-Sudarshan function P. As time evolves, by using equation (19), we calculate the reduced density matrix for the qubits in the |j, m basis and get:
In order to calculate the concurrence in the usual form between the two qubits, we need to writeρ q (t) in the |e, e , |e, g , |g, e and |g, g basis:
(26) The terms u(t) and v(t) are the real and imaginary parts of I(t) respectively. For this density matrix, the concurrence is given by:
The functionP , defined in equation (27) , is the Fourier transform of P:
with x and y being respectively the real and imaginary parts of α in the integral (25) . From equation (27), we see that knowing P (α) or its Fourier transform,P , that characterizes the initial state of the oscillator, we can follow the evolution of entanglement between the qubits.
Qubits initially in state |Ψ + and oscillator in the thermal state: The dynamics of a system interacting with a thermal reservoir is generally associated with decoherence of the system. However, following the work of Bose et al. [44] , it was shown in [45] that entanglement (which is a manifestation of coherent superposition of states of a multi-partite system), can be created between the two qubits of the Tavis-Cummings model with the oscillator initially prepared in the thermal state. Environment induced entanglement is an area of active research [41, 46] .
Entanglement dynamics of the two-qubits TavisCummings model with the oscillator initially in a thermal state is investigated in [47] [48] [49] [50] . In particular, Roa et al. [50] , studied the entanglement dynamics between the qubits in the dispersive coupling regime within the rotating wave approximation, where the qubits were taken to be far off resonance from the oscillator and the coupling between the qubits and the oscillator taken to be weak.
To study the entanglement dynamics between the qubits in the degenerate regime, beyond the RWA and for arbitrary coupling strengths, for the initial state of the qubits being |Ψ + and that of the oscillator being a thermal state using equation (27) , we note that for a thermal state P (α) is given by [51] :
In the above equation, n is the average number of excitations for a given temperature which characterizes the thermal state. We note that as P (α) is a gaussian of width n , its Fourier transform,P , is also a gaussian of width 1/ n . Using P th (α) in equation (27), we get:
In Fig. 2 , C th (t) is plotted for various values of n and β = 0.05 and β = 0.1. We notice that entanglement between the qubits oscillates periodically with time period 2π/ω. Within each time period, the entanglement between the qubits decreases more rapidly from its maximum value as one increases n or β. The minimum entanglement between the qubits, exp −32β 2 (1 + 2 n ) , reduces as n or β is increased. These are consequences ofP becoming narrower as n or β increases.
Qubits initially in state |Ψ + and oscillator in a coherent state: The dynamics of a single qubit interacting with a coherent state of the oscillator has been studied extensively in the literature and has revealed many important phenomena that are unique features of quantum mechanics such as collapse and revival of atomic coherence [52] , entanglement and disentanglement of the qubit with the oscillator and in process preparation of the Schrödinger Cat state [53] , etc. Within the RWA, the collapse and revival of a two-qubit TCM was studied in [54] , and the entanglement dynamics for various different initial states of the oscillator, including coherent state, was done in [55] .
For the oscillator initially in the coherent state |α 0 , P (α) is given by [51] :
With P coh (α), I(t) in equation (25) is evaluated to be:
From equations (27) and (32), and the fact that f (ωt, α 0 ) is real, the concurrence for the coherent state case is found to be:
We see from equation (33) that the entanglement between the qubits does not depend on the oscillator strength, α 0 , and only depends upon β and ω. The fact that C coh (t) does not depend upon α 0 is a consequence ofP being just a phase as P coh (α) is a delta function. In Fig. 3 , we plot C coh (t) for various values of β. We see from decreases more rapidly from its maximum value as one increases β.
Qubits initially in state |Ψ + and oscillator in a number state: To study the entanglement dynamics between the qubits in the degenerate regime when the oscillator starts in the Fock state, we note that P (α) for a Fock state |N is given by [51] :
With P N (α) in equation (25), I(t) becomes (see Appendix B):
where L N (x) is a Laguerre polynomial. Using equations (35) and (27), we calculate the concurrence for the number state case:
The concurrence, C N (t), is plotted in Fig. 4 for various values of N and β = 0.05 and β = 0.1. We see from the figure that C N (t) is periodic with time period 2π/ω. Within each time period, for certain values of N and β, the qubits momentarily become disentangled before getting entangled again. As N or β is increases, entanglement between the qubits gets sharply peaked at times that are integer multiples of 2π/ω.
Dependence of entanglement on coupling strength: As discussed in section II, for the RWA to be valid, one has to ensure that λ ≪ ω, ω 0 . So, given ω and ω 0 , there is an upper limit of λ for which RWA is valid. In contrast to the RWA case, the results in this report are correct for all values of λ. We see from equations (33) and (36) that the entanglement depends on the coupling strength and the oscillator frequency through the parameter β 2 sin 2 (ωt/2). This parameter is periodic with time period T = 2π/ω. At times that are integer multiples of T , the qubits are maximally entangled for all coupling strengths. This can be seen from Figs. 2, 3 and 4. To understand the role of the coupling strength, λ, in the entanglement between the qubits, we plot in Fig. 5 the concurrence for the thermal state, the coherent state and the number state as a function of the dimension-less coupling strength β evaluated at half the time period, i.e. t = π/ω. We have:
We see from the above set of equations that for all the three initial states of the oscillator, concurrence decreases exponentially as β increases. Equation (37) , for various values of n , is plotted in Fig. 5(a) from which we see that the concurrence decreases faster as the mean thermal excitation number n is increased. For the coherent state, equation (38) is plotted in Fig. 5(b) from which the exponential decrease of concurrence is evident. In Fig. 5(c) , C N (π/ω) is plotted for various values of N where we see that the exponential decrease of concurrence is modulated by the Laguerre polynomial. 
V. CLASSICAL-QUANTUM COMPARISON
It is well established within the rotating wave approximation that the predictions about the dynamical properties of the qubits interacting with a classical harmonic oscillator are qualitatively different from the predictions when the oscillator is treated quantum mechanically. Contrary to the classical case involving a prescribed driving field, the quantum mechanical treatment for the corresponding coherent field predicts the qubit population inversion to show collapse and revival [52] . These arise from the infinitely many, but discrete, Rabi frequencies for qubit evolution associated with the infinite set of Fock states defining a coherent state. The quantum mechanical predictions have been confirmed experimentally [56] . In view of this, it is a question whether there are qualitative differences between the predictions that can be made on the basis of the non-RWA calculations in Sec. IV and a set of corresponding non-RWA predictions to be made when the oscillator is treated as classical, while the qubits remain quantum mechanical.
A mixed quantum-classical theory of this kind is usually called semi-classical and the oscillator is taken as an external influence. Here we want something a bit different because in Sec. IV the oscillator has not been treated as an external influence, but rather as open to back reaction from the qubits. Jaynes first addressed this issue of back reaction in the cavity QED context with a so-called "neo-classical" theory [1, 57] in which the oscillator (cav-ity electric field in his case) was driven by the qubit via its quantum average values. In this way, although influenced by the quantized qubits, the oscillator remains unquantized for all time and takes only numerical, not operator, values.
We will adopt the Jaynes prescription in order to include back reaction. The simplest approach is to derive equations of motion for the various dynamical quantities using the original Hamiltonian (3). For the oscillator, instead of working with non-hermitian operatorsâ andâ † , we work with the real dynamical quantities, momentum p and co-ordinateq defined in Appendix C. We then replace operators by numerical variables, which we indicate simply by removing the carets. These variables evolve from classically specifiable initial values p(0) and q(0), as driven by expectation values of the qubitσ x variables:
As it happens, the states we have worked with have zero expectation of theσ x operators, which don't evolve themselves, so the oscillator evolves completely independently. For the qubits starting in the state |Ψ + , there are only four non-zero density matrix elements: 1, ±1|ρ q |1, ±1 and 1, ±1|ρ q |1, ∓1 . The diagonal density matrix elements do not change in time becausė σ (1) x +σ (2) x = 0. To find the evolution of the off-diagonal elements, we note that:
From equations (43) and (44), we get the following equation for the required expectation values
Solving equations (40), (41) and (47) we get
where q(0) and p(0) are the initial position and momentum of the oscillator respectively. For the initial state of the qubits being |Ψ + , Ŝ (1)
+ (0) = −1/2. The entanglement between the qubits is then given by (equations (27) and (45)):
Since the time dependent terms in equation (48) enter only as phases, the entanglement between the qubits do not change and the qubits remain maximally entangled. A crucial point used in deriving equation (48) is the fact that the oscillator is assumed to have well defined initial position and momentum. Because of the uncertainty principle, within quantum mechanics, no state can be a simultaneous eigenstate of position and momentum. In view of this, it is a question whether with a classical description of the oscillator one can or cannot get modulations in entanglement of the qubits if the initial position and momentum of the oscillator are not well defined. We now show that by averaging equation (48) over appropriate joint probability distributions of q(0) and p(0), say P (q 0 , p 0 ), we get expressions for concurrence that match with the quantum mechanically derived results for thermal states (equation (30)) and the coherent states (equation (33)).
The classical probability distribution P (q 0 , p 0 ) of a harmonic oscillator in thermal equilibrium is gaussian. For an appropriate probability distribution of the oscillator in a coherent state, |α 0 , we use the Wigner distribution of the coherent state [51] which is also a gaussian. So, for the purpose of thermal states and coherent states, we take P (q 0 , p 0 ) to be of the general form:
where ∆q and ∆p are the initial uncertainties in position and momentum, centered atq 0 andp 0 respectively. Taking the absolute value after averaging equation (48) over P (q 0 , p 0 ), we get
From the above equation, we see that the concurrence does not depend on the average valuesq 0 andp 0 and only depends on the uncertainties, ∆q and ∆p. If both the uncertainties, ∆q and ∆p, are not simultaneously zero, the concurrence does change in time.
For a thermal state characterized by temperature T , ∆q th = 2KT /ω 2 and ∆p th = √ 2KT where K is the Boltzmann constant. Using this in equation (51), we get:
In order to compare equation (52) with the quantum result (equation (30)), we note that in the high temperature limit, i.e. when KT ≫ ω, the average excitation number n = KT / ω. Now, replacing the factor (1 + 2 n ) in the exponential of equation (30) by 2KT / ω, we get exactly the same expression for concurrence as derived with the classical description of the oscillator, equation (52) . A coherent state is a minimum uncertainty state for which ∆q coh = /ω and ∆p coh = √ ω. Putting this in equation (51), we get:
which exactly matches with the corresponding quantum result, equation (33) .
The above results show that the modulations in the entanglement between the qubits is a consequence of initial uncertainty in q 0 and p 0 , and not an intrisically quantum property. However, the uncertainty in the simultaneous assignment of values to canonically conjugate variables is inherent in quantum mechanics and cannot be avoided. This fundamental uncertainty is reflected in the general equation for concurrence that is valid for all quantum states, equation (27) , from which we see that for all states there is a time dependent factor, exp −32β 2 sin 2 (ωt/2) , which corresponds to the modulation of entanglement for the minimum uncertainty state, i.e. the coherent state.
VI. CONCLUSION
In this report, we studied the dynamics of the twoqubit Tavis-Cummings model in the degenerate regime beyond the RWA, obtaining exact analytic expressions for state properties of interest, including qubit entanglement. The general form of the time evolved density matrix of the composite system for any initial product state of the qubits and the oscillator was derived. The qubits initially prepared in the |Ψ − and |Φ − states were shown to remain maximally entangled throughout the dynamical evolution. The dynamics of entanglement between the qubits initially prepared in the |Ψ + state was shown to be the same as that for the qubits initially prepared in the state |Φ + for any initial state of the oscillator. A general expression for concurrence, quantifying the entanglement between the qubits initially prepared in the state |Ψ + and the oscillator in any state characterized by the Glauber-Sudarshan function P (α) was derived.
When the initial state of the oscillator is either the thermal state, coherent state or number state, the entanglement dynamics between the qubits was shown to be periodic with time period 2π/ω. This periodic behavior is a consequence of the fact that our system consists of displaced harmonic oscillators with frequency ω. A general feature of entanglement for all initial states of the oscillator was a more sharply peaked entanglement as the dimension-less coupling strength β increased. This feature can be understood as a manifestation of the common factor exp −32β 2 sin 2 (ωt/2) in equation (27) , which is present for all initial states of the oscillator.
When the initial state of the oscillator is a coherent state, it was shown that the entanglement between the qubits does not depend on the oscillator strength α 0 . The periodicity of entanglement between the qubits with a period independent of the strength of the coherent state was reported in [50] where the dynamics between the qubits and the oscillator was studied in the dispersive regime within the RWA. Although in [50] the periodicity was found not to depend on the strength of the coherent state, the amplitude of oscillations of entanglement depended on α 0 in contrast to the results found here in the degenerate regime.
In section V, we studied the dynamics of the state of the qubits by treating the oscillator classically. The back action of the qubits on the oscillator evolution equations was included in the spirit of Jaynes' original neoclassical treatment [57] . It was shown that temporal entanglement modulation is also present classically, but only if there is uncertainty in the initial position and/or momentum of the oscillator.
In all the calculations in the current paper, the qubits were assumed to be perfectly degenerate. This is obviously an idealization. A more realistic scenario would have quasi-degenerate qubits with ω 0 = 0 but still satisfying the condition ω 0 ≪ ω, λ. The existence of comparable analytic expressions for the collective properties of such qubits with non-zero ω 0 is an important question for future work. 
APPENDIX B: CALCULATION OF I N (t) We definẽ I N (t) = I N (t) exp −32β 2 sin 2 (ωt/2) ,
and evaluateĨ N (t) for P N (α) given by equation (34) : × exp (A(α * a + αb)).
where A = −8iβ sin ωt 2 , a = e iωt/2 , and b = e −iωt/2 .
Using the identity
we get 
